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ABSTRACT: In this research, we derive a rational integrator method of order 10 for the solution of Ordinary 

Differential Equations (ODES), in line with the general representation given by Aashikpelokhai (1991). This was 

achieved by considering the Rational Interpolation Formula 
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and M are the degrees of the respective numerator and denominator polynomials. There are three mutually 

exclusive forms the above integrator can assume one at a time. The forms are when L < M, L = M and L > M ;  

This work concentrates on deriving a method when L > M, and on expansion and comparing with the 

corresponding Taylor series, the resulting expression was used to determine the interpolation parameters 

,r rp q using Crammer’s method, which  was simplified to get a new method of order 10. The new method was 

used to solve some selected stiff initial value problems and the result therein, compared favorably well with 

those of other existing schemes. 
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I. INTRODUCTION 

Numerical methods for systems of Ordinary Differential Equations (ODEs) have been attracting much attention 

due to their need in the solution of problems arising from the mathematical formulation of physical situations 

in chemical kinetics, population models, mechanical oscillations, planetary motions, electrical networks, 

nuclear reactor control, tunnel switching problems, which often lead to Initial Value Problems (IVPs) in 

Ordinary Differential Equations that are stiff, singular or oscillatory. Our computational experience as 

exemplified by the works in Aashikpelokhai (1991, 2000), Fatunla and Aashikpelokhai (1994), Elakhe and 

Aashikpelokhai (2013) along with the research work given by Fatunla (1982), Lambert and Shaw (1965), Otunta 

and Ikhile (1996, 1999), all give credence to the need for rational integrators.  There are quite a number of 

initial value problems that are stiff; they are mainly from Reaction, Chemical kinetic and Life Sciences, 

Aashikpelokhai (1996,2000), Momodu (2006), Nunn and Huang (2005), Lambert (1973,2000), Corless (2001), 

Abhulimen and Otunta, (2007),Vigo and Martin ( 2006).  The problem for this research paper is to derive a new 

method and proffer numerical solutions to some of these ODE problems, which are in the form of initial value 

problems, which are represented by: 

   0 0, , ,f x y y x y a x b                                                                                                                           (1)  
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whose solution function  ,y a b R  , where a and b are finite. 

 

II. DERIVATION OF METHOD 

Our derivation of the rational interpolation method consists of matching the Taylor series expansion of 

 1ny x 
with the approximation value of 1ny  . At the point nx x in the interval  1,n nx x 

we set 

 n ny y x , since Our Taylor series about nx for both  1ny x 
and 1ny  require the use of 1n nh x x  , 

we choose h sufficiently small enough so that 1  and n nx x are very close. In the derivation of our method we 

will analyze the case when L M  and so the general rational interpolation method is defined as: 
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where 0 1 2 1 2 3, , ...  and , ,rp p p p q q q are integrator parameters to be determined. But 
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Hence (2) can be written as: 
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On expanding (5), we get  
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                                                                                              (6) 

We compare the coefficients of x, and get the following equations: 
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Since 8 9 10, , ...p p p are equivalent to zero, then 

 

                                                                                                                      (9) 

 

This can be written as 

 

 

                                                                                                                    (10) 

 

Rearranging and putting (10) in matrix form, gives: 

                                                                                                                                     (11)

 

The above equation which can be put in the form: 

Aq b                                                                                                                                                                                  (12) 

Where 

 A=                                                                                                                                                                  (13) 

             q=                                                                                                                                                            (14) 

and 

       b=                                                                                                                                                            (15)  

 

The governing equation (11) will be used to derive the new method. 
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 Now, to solve for , 1,2,3,s

iq i  we use the crammer’s rule which is given as 

i
i

x
q

A
                                                                                                                                                                        (16) 

 

First, we construct the determinants from (11) as follows: 

 

                                                                                           (17) 

                   (18)    
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                                                                                              (23) 

At this point, taking 1nx x   , (3) becomes: 
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So by Taylor series expansion of 1ny  we have: 
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Expanding (26)(Taylor series), and comparing coefficients, we have: 
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From   (16), with some simplifications, we obtain expressions for the following: 

 
2

2 2

2 3

2

(5) (7) (10) (6) (10) (5) (8) (9)

(7) (8) (6) (7) (9) (6) (8)

1 1
(5) (7) (9) (5) (8) (7)

(6) (7) (8) (6) (9)

(5) (8

2

2

2 1

168 196 210

360 280 315

168 189 288
10

504 196

63

n

n

y y y y y y y y
h

y y y y y y y
q x

y y y y y y

y y y y y

y y
h

q x





  
 
    


  
 
   



2

2 2

2 3

2

2

) (10) (6) (7) (10) (5) (9)

(7) (9) (7) (8) (6) (8) (9)

(5) (7) (9) (5) (8) (7)

(6) (7) (8) (6) (9)

(7) (10) (6) (8) (10)

3

3

3 1

84 70

120 135 105

168 189 288
30

504 196

288 252

n

y y y y y y

y y y y y y y

y y y y y y

y y y y y

y y y y y
h

q x 

  
 
    

  
 
   





2 3

2 3

2

(7) (8) (9)

(6) (9) (8)

(5) (7) (9) (5) (8) (7)

(6) (7) (8) (6) (9)

720

280 405

168 189 288
720

504 196

y y y

y y y

y y y y y y

y y y y y

 
 
   

  
 
   

 

 

Simplifying (7) by using (27) and taking  
2 3

1 1 2 1 3 1, and n n nq x A q x B q x C     , we obtain: 
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                                                                                    (28) 

By expanding   
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                                                                                    (29) 

Adding up the numerator and denominator, we have: 

                                                                                                           (30) 
 

III. IMPLEMENTATION OF METHODS AND RESULTS 

Some selected stiff initial value problems were implemented upon by our new method for the purpose of 

testing its performance and suitability. The results of these initial value problems were use to compare those of 

other existing methods in literature. 

Problem 1:   
21000 , (0) 0, 0.001xy y e y h       

   Theoretical solution:   
2 10001 1

998 998

x xe e   

Problem 2:      8 8 1, (0) 2, 0.1y y x y h        

 Theoretical solution:  
( 8 )2 xx e   

Problem 3:   21 , (0) 0, 0.01xy y e y h     
 

 Theoretical solution: 
211 1

20 20

x xe e   
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 Figure 1: Error Graph of Methods (problem 1) 
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Figure 2: Error Graph of Methods (problem 2) 

 

 
 

 

                 Figure 3: Error Graph of methods (problem 3) 
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                            Figure 3: Error Graph of Methods (problem 3) 

 

Note: RIM (10): Rational integrator of order 10 

FIRM: Fully implicit Runge-Kutta Method of order 5 

RADAU 11A: Implicit Runge-Kutta Method of order 5 

 

IV. DISCUSSION 

In deriving this method, it was acknowledged that, there are different classes of rational integrator 

schemes of order 10, but we consider when L > M. Then we introduced the matrix operations and the 

application of Crammer's rule in deriving the new rational interpolation scheme. By using MAPLE-18 software, 

the necessary expansions and simplifications of expressions were made with ease. A close look at the results as 

seen from the tables above, upon implementation on some stiff initial value problems, it was observed that the 

new method compared favourably well with FIRKM, RADAU II and RADAU which are in literature. In Problem 1, 

the results produced by these methods, in terms of the errors, were visibly low comparably. The error graphs 

(Figure 1-3) which give the trajectory of the errors with time, reveal that the methods performed very well in 

solving the problemsas their graphs are physicallyclose. However, the RADAU II method also performed equally 

well as the errors produced are also very low. Problems 2 and 3 which are also stiff initial value problems 

produced results that arefavourable. The error graphswere constructed with the help of EXCEL package. 

 

V. CONCLUSION 

The validity of the new method for the numerical solutions of stiff initial value problems have been 

theoretically and practically investigated and can cope very well with similar problems. In addition, the various 

computations displayed in the tables provided are enough proofs of the performances of the new method. 

Finally this article will help to reduce the rigors in the solutions of stiff initial value problems in Ordinary 

Differential Problems, and it is worthwhile to encourage further research-articles in similar areas of study. 
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