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ABSTRACT: In this paper, Pareto type —I distribution is proposed to compare the classical estimators such as the
Maximum Likelihood Estimator (MLE), Uniformly Minimum Variance Unbiased Estimator (UMVUE) and
Minimum Mean Square Error Estimator (MiniMSE). The Bayes risk can be obtained by using non — informative
and informative prior under different loss functions such as Square Error Loss Function(SELF),Quadratic Loss
Function (QLF),Precautionary Loss Function (PLF) and Entropy Loss Function (ELF) through simulation
techniques. As per the result, it is observed that the MiniMSE is the best among the other proposed estimators.
It is also found that the Bayes risk under QLF is least one among all the other loss functions namely SELF, PLF
and ELF using informative prior.

Keywords: Bayes Estimator, Bayes Risk, Classical Estimation, Informative and non — informative priors, Loss
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l. INTRODUCTION

The Pareto probability distribution is a simple model for non- negative data with positively Skewed
distribution. This distribution was introduced by Wilfredo Pareto (1848-1923) especially for wealth distribution
of the population of a city within a given area. The use of the Pareto distribution as model to analyses stock
prize and instability in business and economic, field of bio medical science, risk factor in insurance company,
migration of population, survival time in quadratic system, Geophysical phenomena in society, reliability and
life testing. Al Omari Ahmed, hadecel salim, Al-Kutubi and Noor akma ibrhim,(2010), studied the comparison
of the Bayesian estimation with maximum likelihood estimation. Al Omari Mohammed Ahmed and Noor akma
ibrhim, (2011), have been studied the performance of MLE and Bayes estimation of survival function using non
informative prior with right censored data. Sankudey and Sudhansu A.Maiti (2012), have studied the Bayes
estimators of Rayleigh parameter and its associated risk based on extended leffrey’s prior under the
assumptions of both symmetric and asymmetric loss function. R.K.Radha,(2015), studied the Bayesian analysis
of exponential distribution using informative prior.Kawsar Fatima and S.P Ahmad (2018) have been studied the
Bayes estimation of shape parameter of Exponentiated moment exponential distribution using informative and
non — informative priors under different loss functions. Gaurav Shukla, Umesh Chandra and Vinod kumar
(2020), derived and examined the expression for risk function under three different loss function. It is
remarkable that the development of appropriate Bayesian inference procure has been very limited. Bayesian
inference in the Pareto type | distribution for the special case in which the scale parameter is known.

The probability density function (pdf) of Pareto type — | distribution is defined as
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)
f(t;a,0)= {GL ;> a; 6>0; a>0 (1.1)

£6+1

Where t is a random variable, 0 is the shape parameter and o is the scale parameter, which is known.

The moments of Pareto type —I distribution, were given by
Mean, E(t)= :—_91; 0>1

0a?

= e 072

Variance, V(t)

1. Classical Estimation

Classical estimation is an important estimation techique in statistics. In this section a specfic method of
estimation such as Maximaum Liklihood Estimation(MLE),Uniformly Minimum Variance Unbiased
Eestimation(UMVUE), MiniMean Sequare Error Estimation (MiniMSE), are considered to estimate the shape
parameter of Pareto type | distribution.

2.1 Maximum Likelihood Estimator
Let ty, ty, ..... t, be a set of ‘n’ random variables from Pareto Type | distribution with Parameters 6 and a
having the probability density function defined in (1.1), then the likelihood function,
L=l f(6; . 0)
—_ T Ba®
= i=1W
L= gnenfloga ,—(+1) i, logt;
Log L =nlog 8+ n B loga-6); logt;
dlogL n
W = 5 + nlogOL— Z?:l logti
Using the Maximization Likelihood Principle, we get

the estimated value of 8 as
-1

N — Z?=1l0gti _
0= [711 log 0(]
and & = ")

In case of frequency distribution
-1

n . .
0= [Z—"“;‘logt‘ —log 0(]
(2.1.1)
Where N=Y, f
2.2 Uniformly Minimum Variance Unbiased Estimator

The distribution whose density functions have the following general form
f(t,0) = a(8).b(t)elc@4®] s known as one parameter exponential family of distribution.
The Pareto distribution belongs to the exponential family of distribution has the density function (1.1) can be
written as
f(tl 9) — eeeloga—(9+1)loget
- eeelogea— Bloget—loget
- ee—logete—eloge(t/a)
Where,
a(8)=0, b(t)= elo9et, ¢(B)=-0, d(t)= loge( )

t

(08

Therefore, the statistic P= Y[~ log, (%) is a complete sufficient statistic for 0.

It is easy to show that the statistic P is distributed as Gamma Distribution with Parameters n and 0.

If T~ Pareto (a, 8), then log, (t/a)~ exponential (0)
L

and P=Y7, log, (—) ~Gamma (n,0) with pdf

o
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8" n-1,-0
glp)= o-p" e, p20, 6>0

Consider,

-1, . . - -
= nT is unbiased estimator for 6, P represents a complete sufficient statistics for 6. Thus, by

theorem of Lehmann- Scheffe, the UMVUE of O is given by
n-1

P
2.3 Minimum Mean Square Error Estimator

6 UMVUE =
The Minimum Mean Squared Error estimator (MinMSE) can be found in the class of estimators of the form ;

(2.3.1)
Therefore

MSE, (g) = E[(g ) )2]
= E[(g)z] +02- ZGE[G)]
e[y )

== MSEq (£) =0=> 20;5 [(%)2] -20¢[;)
2 |2
e ] - )]

Where,

()] -5

Substituting the equations (2.2.1), (2.3.3) in (2.3.2), we have

oG] o

Q)] e

= c=(n-2)
Therefore,

9 MinMSE = np%z (from 231)
(2.3.2)

525 Received-12-04-2023, Accepted- 25-04-2023


https://iarjournals.com/

American Journal of Sciences and Engineering Research wwww.iarjournals.com

2.4 Mean Squared Error (MSE) for three classical estimators
2.4.1 MSE for Maximum Likelihood estimation

MSE (8 yy,.z) = MSEq (g)

= var (9 + [E (% - 9)2]
= n2var (%) + [E (g - 9)2]

) - o)

m [n 1]

1 82
var (;) T (n-1)2(n-2)
Consider,

[E (t-0) ] [ +92—ze(§)]
=E(§) +E(92)—29E((§)

2O 2_9gn
=n ot 67-26n—

n 2 92
EG-o) 5
~ 71292 92
~MSE (9 MLE) = (n-1)2(n-2) * (n—-1)?
_Ofmt2)
(n—-1)(n-2)

MSE (6 y5) =
(2.4.2)
2.4.2 Mean Squared Error for Uniformly Minimum Variance Unbiased Estimator

MSE (8 yyyus) = var (n—_1)+[E (n—_l) - 6]2
= (n—-1)> var( ) [E (n 1) 9]2--- (2.4.5)

~ 92
MSE (8 ymyye)= (n — 1) TP
92

MSE (0 ymyue) = -2

(2.4.2)

2.4.3 Mean squared error for Minimum Mean Square Error

MSEB yinmss) = var( 2)+ [E (" ) - 9]2

-2 [ (5) - of

-2 —o &
(n-1)2(n-2)  (n-1)?

_ Gz(n—2)+ 02
T om-1?  (n-1)2

Z
MSE (0 yinmse) =

(n-1)

(2.4.3)

From equations (2.4.1), (2.4.2) and (2.4.3), we have
MSE (8 minmse) < MSE (8 ypyur) < MSE (6 1)
(2.4.4)
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From (2.4.4) it is observed that the Minimum Mean Squared Error (MinMSE) is the best estimator than the
Maximum Likelihood Estimator (MLE) and the Uniformly Minimum Variance Unbiased Estimator (UMVUE).

2.5 Bayesian Estimation and Bayes Risk using non — informative prior
Bayesian estimation is an estimation of an unknown parameter @ that minimizes the expected loss for all
observations x of X. The Bayes approach is an average case analysis by taking the average risk of an estimator
for all the parameters involved in the distribution under study. Suppose we take the prior probability
distribution 1, on the parameter space w then the average risk is defined as
R.(8) = Ey,[L(6,0)]
and the Bayes risk for a prior 1 is the minimum that the average risk can achieve
Re = ")[Ra(8)]
In Bayesian analysis, when prior knowledge about the parameter is not available, it is possible to make use of
the non-informative prior. Since we have no knowledge on the parameters, we may use Jeffrey’s prior which is
the square root of the Fisher information matrix of parameter per observation.

The Jeffrey’s prior is defined as

g.(0) o< \/1(8) = b /1(0)

_ 9%logL
Where 1(9) = —nk (22%)
Therefore
_ _ d2logL
9 = b\/ nE( dg? )
logL = Bloga — (6 + 1)logx
dlogL _ l _
o —o7T loga — logx
d?logl _ 1
a6z~ 92
d?logL _ 1
E( de? )_ 62
g(6) = §Vn, 6> 0
Assuming that t, t,, ....., t, be the n independent observation which follows the Pareto Type | Distribution

with probability density function, given in(1.1) the value of a is known and @ is the only unknown parameter,
we shall obtain the posterior probability density function for 6 using Jeffrey’s prior distribution.
Posterior probability density (pdf) function for 9 is

_ g(0)L(0;t1,tp,.ntn)
h(B/t;, ty, .., ty) = IRETOTIC s r

(% b\/ﬁ.gnenelogae—(6+1)210gx)

= J-(;X%b\/ﬁ,enenm"g“e—(9“)2“’9"(19

(9—19nen910ga—(6+1)210gx)

= f(;” g-1gnenbloga—(6+1)Zlogxgg
(en—le—e(—nlogac+zlogx)

- f0°° gn—1,-0(-nloga+zlogx g

Where,
p = Xizlog(t;/a)
(6”‘1e_9P)
- f:’ gn—-1¢—6P 4¢
n
h(O/ts, by, ..., ty) = - 0" Le 0P
The posterior density function of Jeffrey’s prior is
n
h(0/ty, by, oy ty) = - 0" Le 0P
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[ Bayes estimation and Bayes Risk under different loss function

3.1.1 Bayes estimator under the Squared Error Loss function (SELF)
The SELF is defined as
~ PN 2
L(8,6),,,. =(6-9)
The Bayes estimator under SELF is

Oserr = E(0) = [ 0h(8/t1,t,, ..., t,)dB
(3 bym.gnenslogag-(8+Dlogx)

f%b\/ﬁ_gnenelogae—(9+1)Elogxd9

_ p" Vn+1
- ﬁ'pn+1

9SELF =E(6) = %
(3.1.1)

3.1.2 Bayes Risk under Squared Error Loss Function
The Bayes risk R (6, 8) under SELF is defined as the expected loss under SELF
R(6,0) = [E(6) — 6]°
. 2
= R(9,9)=%+92—2$
R(0,0) = E[L(6,6)]
n 2
=£(G; - o)
= R(6,0)="+62-2"
B ST p? )
(3.1.2)

3.1.3 Bayes Estimation under Quadratic Loss Function

The quadratic loss function is defined as
2

aon- (- -

Consider, the risk function Ry (9, 9) to estimate the parameter 8 under the Quadratic Loss function is defined

Re(6,6)=E (1- E)2

RQ(e 0) =" (1—9) h(0/t, g, .., t,)dO

6
dRQ(ee) -0
= 2(7 (1—E)Z(—%)h(e/tl,tz,.....,tn)dH
(1 )(—l)h(e/tl,tz,.....,tn)de
m(iz)h(e/t)de I (3)ne/tde =0
(3.1.3)
Where

E(l) = [ (;) h(O/ty, tyy .., t,)dO

- 57 (ot
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E(Biz)z f; (Bi)h(e/tl,tz,.... t.)do

E(%) = oo
Substituting E( ) and E( ) in (3.1.2), we get

(n-2)

9QLF 7

(3.1.4)

3.1.4 Bayes Risk under Quadratic Loss Function

The Bayes risk R(6, 9) under the quadratic loss function is defined as the expected loss under QLF

(ie) R(6,0) =E[L(6,0)]
6-6

> R(6,0) = (—)
Where, § = ("PZ)

m-2)\ 2
= R(6,0) = 1—<T)
-1y
=1+ (5 - (59
R(@ 9) _ 1_l_{(n 2) [n-2- ZBP]}

op
(3.1.5)
3.1.5 Bayes Estimation under Precautionary Loss Function

The Precautionary Loss Function is defined as

2
L(B e) _u

The Bayes estimator under a precautionary loss function is defined as
- 1
Oprr = [E(07)]2
Where, E(62) = [,” 02h(0/ty, ty, ..., t;)d0
_(® Zﬁ n-1,-6p
—fo 0 ﬁe) e “Pdo
_ %fo‘” gn+2-1 =60 4g

_ ptVmiz

“Vn pn+2

1 (n+1)n\/_
p?

nn+1) 1/2

E(0%) =

w Oprr = [
(3.1.6)
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3.1.6 Bayes Risk under Precautionary Loss Function

The Bayes Risk R(9 é) under Precautionary Loss Function is defined as the expected loss under PLF

(Ie) R(g 0) n(n+1) 1/2
]
R(6,0) = s
14
A\ _ |Yyn(n+t1) 2 1
R(O.0) = [#52 - o] x s

= (7\“"'(”’4—1))2 +92 _29\/”(”+1)X 14
P p Jyn(n+1)
[n(n+1)]*/2 %0 ___5p

[n(n+1)]1/2

= R(6,0)=

3.1.7 Bayes Estimation under Entropy Loss Function
The Entropy Loss Function is defined as
L(6) = b[6P — plogs — 1]

Where § = %

Where minimum occurs at ® = 6. Also the loss function L(8) has been used in the original form having p
=1.

L(&) can be written as

L(8) =b[6 —logs—1];b>0

The Bayes estimator under the entropy loss functions is given by

s = Q" = 2

(3.1.7)

WhereE() [ (g) h(O/t,, ty .., t,)dO

n

0°°9 1gn-te=oPdg

ﬂl“:

n pn
E(l/e 2

HELF =

P

3.1.8 Bayes Risk under Entropy Loss Function

The Bayes risk R(Q, 9) under entropy loss function is defined as the expected loss under ELF, which is given by
R(6,8) =E[L(5)]

= R(6,0) = b[@—loge <(nf_1)) - 1]
= R(6,0) =b[>>~log, () -1]

(3.1.7)

V. Bayes estimation and Bayes risk using Informative prior
Assuming that 6 has informative prior as exponential prior which takes the following form
1 _8/
g@) = Ie ;0,1>0

The posterior pdf of exponential prior is defined as
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L(C1t2 tn)g(8)
h(®/ t)_ C L(t1,b2ntn)g(8)dO

gne—(9+1)172€_9/1

f(;” Bne—(e*‘l)l’%e_e/lde
Consider,
(o] 9 oo

fo gne—(0+1)p%e— //1d9 — fo Qne—epe—pie—l’/ldg

= J7 ome= "1t e adn

_ 2 Vn+1

2 (p+1/l)n+1
~The posterior pdf of exponential prior is
1 n+1
(p+1/)

h(G/tl, tZ: ey tn) = ﬁene_e(p + 1//1)

4.1 Bayes Estimation and Bayes Risk using informative prior under different loss function
4.1.1 Bayes estimation under Squared Error Loss Function (SELF)
The SELF is defined as L(H, @) = (9 - 0) 2
The Bayes estimator under squared error loss function is
Ospre = E(0) = [," 0 h(8/ty,ty, ..., t,)dO

=/’ (pr1) o @+ do
Vn+1
Oser = E(6) =1
+/1
(4.1.1)

4.1.2 Bayes risk under squared error loss function
The Bayes risk R(8, §) under SELF is defined as the expected loss under SELF

(ie) R(6,0) = E[L(8,0)] = (8—0)" = [E(H) — 0]

[(pr:/ll) - 6] using (4.1.1)

2 1 2 2 _ 260(n+1)
n*+1+2n)+06 [eroa)

R(8,6) = {

(4.1.2)

1
(p+1/a)2

4.1.3 Bayes Estimation under Quadratic loss function
The Quadratic loss function is defined as

-~
6-9 0
1e.0)= (59 = (1-3)
Consider the risk function R(B, 9) to estimate the parameter 8 under quadratic loss function

where, R(H, @) =F (1 - %)2

2
= J (1—2) h(O/ty, by, .., t,)dO

~ E(l/ )
v HQLF - 5(1/992)
Where,
ER) = 7 (2) h0/tn trr s ty)do
1 (p+ /) " n,—0 1
- Qe o)
MJ‘ gn-1 —9(p+ //1)

N1
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2
_ (')
- nn-1)
-~ The Bayes estimator under quadratic loss function is
A (n-1)
0,0, =L
AT wp

(4.1.3)
4.1.4 Bayes risk under the quadratic loss function
The Bayes risk R(G, é) under Quadratic loss function defined as the expected loss under QLF,

R(6,8) = E[L(8,0)] = (?)2 _(1- S)Z

Where § = &=0
P+
2
5
A _ P+
= R(,0) = I1 >
2
= R(6,0) =1+ 22| —2-2-2
©.0)=1+ 5| 25t
-1 1 (n—1)2 —2n—1
*@@@L@@ (=D
Therefore,

) )[nz+1_2n_2ne(p+;)+e(p+§)]}

Ra(0:8) = 1+ {7 o)
(4.1.4)
4.1.5 Bayes Estimation under Precautionary loss function
The Precautionary loss function is defined as

r0.0)= (59 = (1

Consider the risk function R(Q, 9) to estimate the parameter 8 under quadratic loss function
Where, R(6,8) =E[L(8,0)]
= R(6,0) = [, L(8.0)n(?/x)de

17 (1-3) (3 phao o

= = Iy 0 h®/)do = = [ h(®/y)do
~ The Bayes estimator under precautionary loss function is
éPLF = (n_i)
(p+3)
(4.1.5)

4.1.6 Bayes Risk under Precautionary loss function

The Bayes risk R(H, @) under precautionary loss function is defined as the expected loss under PLF

(ie) R(6,0) = EL(0,8)) = ©=2,
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p+
2
. N\ — 1 n+1 2 _ n+1
~R(6,6) = <n+1> [(—p%) +62 26 (—p%)]

(4.1.6)

4.1.7 Bayes Estimation under Entropy loss function
The entropy loss function is defined as
Lgg(8) = b[6P — plogs —1];b >0

Where § = %

Where minimum occurs at 8 = 0. Also the loss function L(&) has been used in the original form having p =1.
L(6) can be written as
L(6) =b[§ —logéd —1];b>0
The Bayes estimator under the entropy loss function is defined as

Beur = [E(Yp)] " = E(%/w

~ The Bayes estimator under entropy loss function is
n

éELF = m
p)
(4.1.7)

4.1.8 Bayes risk under Entropy Loss Function
The Bayes risk R(G, é)under entropy loss function is defined as the expected loss under ELF
(ie) R(0,0) = E(L(8)) = E[b[§ — logs — 1]];b > 0

9 ~ n
Where § = gand 9=@

<(pai))—log (I)Li -1

~R(6,8) =b e| 5

w(6.0) = by~ s ()

(4.1.8)

V. Result and discussion

5.1. Comparison of classical estimation

In this study, we choose a sample size of n=25, 50 and 100 to represent the small median and large data set.
The classical estimation of the shape parameter of the Pareto type | distribution using MLE, UMVUE and
Minimum mean square error were obtained by using simulation technique and presented in table -5.1

Table 5.1 Classical estimation of the shape parameter 8 = 0.1 and Shape parameter a = 0.2 & 0.4
Form the table 5.1, it is observed that MiniMSE is the best among the other proposed estimators such as MLE
and UMVUE.
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5 |X shape=0.1

5 |0 —

2 = £ scale=0.2 scale=0.4

£ | E

'é A MLE UMVUE MINMSE MLE UMVUE MINMSE
o 25 0.005472 | 0.004938 | 0.000768 | 0.019878 | 0.0188798 | 0.0030587
|_

o 50 0.001739 | 0.001667 | 0.0000815 | 0.006957 | 0.0066667 | 0.0003261
<

- 75 0.000833 | 0.000816 | 0.0000180 | 0.003333 | 0.0032653 | 0.00007225

5.2 Bayes estimation and Bayes Risk of the shape parameter of Pareto type — | distribution

We choose a sample of size n = 25, 50, 75 and 100 to represent small, medium and large data set. The Bayes
risk of the shape parameter for Pareto type — | distribution is estimated using non — informative prior
(Jefferey’s prior) and informative prior (Exponential prior) under different loss functions. The value of shape
parameter 8 = 1,2,3 and a = 4,5,6. The results are obtained through simulation technique and presented in
the table form (5.2.1) to (5.2.8).

5.2 Bayes estimation and Bayes Risk of the shape parameter of Pareto type — | distribution
Table. 5.2.1 Bayes Estimation under Square Error Loss Function for different values of 8 and «.

g g &
a |& a=4|a=5|a=6|a=4|a=5|a=6|a=4|a=5| a=6
2481 | 2.461 | 2.210 | 1.961 | 1.956 | 1.946 | 1.934 | 1.924
25 1.9116
4 2 2 2 2 2 8 8
2.322 | 2321 | 2.110 | 1954 | 1944 | 1931 | 1.922 | 1911
v 50 1.9002
Py 4 2 2 2 2 2 8 2
% 1981 | 1.974 | 1961 | 1.943 | 1.933 | 1.922 | 1.911 | 1.900
= 75 1.8998
2 2 2 2 2 0 8 2
1971 | 1.962 | 1.954 | 1.931 | 1.922 | 1.911 | 1.900 | 1.890
100 1.8848
0 0 2 0 0 0 8 2
2.311 | 2.310 | 2101 | 1.953 | 1944 | 1936 | 1924 | 1911
25 1.9002
0 1 2 2 2 8 6 2
© 2.228 | 2.210 | 2.000 | 1.941 | 1.933 | 1.922 | 1.911 | 1.900
2 | 50 1.8842
S 4 2 1 0 6 8 2 6
§_ 1972 | 1.961 | 1.934 | 1.932 | 1.922 | 1.911 | 1.900 | 1.900
< 75 1.8762
w 0 2 2 0 0 6 2 0
1.962 | 1.954 | 1.921 | 1.922 | 1.911 | 1.900 | 1.900 | 1.890
100 1.8662
0 2 0 0 0 6 0 0

Table.5.2.2. Bayes Risk under Square Error Loss Function for different values of 8 and «a.

5| 0=1 0=2 0=3
& | 3 Ya=4[a=5|a=6|a=4|a=5|a=6|a=4]|a=5]a=6
25 |1.543 | 1521 |0.9810] 0971 |0.981 | 0.9712] 1.101 | 0.901 | 0.894
. 2 0 0 0 2 2 2
> |50 [1.493 | 1481 |09772] 0961 [ 0977 | 0.9662] 1.091 | 0.894 | 0.884
& 0 0 2 2 2 9 0
7 [75 [0981 [0978 [ 096120991 |0.961 |0.9542]0.984 | 0.874 | 0.844
0 0 0 0 2 2 2
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100 | 0.971 | 0.961 [0.9510] 0.954 | 0.951 | 0.9442]0.974 | 0.864 | 0.831
0 0 2 2 0 0 2
25 | 1.423 | 1514 | 09712 0.961 | 0.951 |0.9412| 1.100 | 0.801 | 0.821
3 2 2 2 2 2 2
% |50 |1.412 | 1.477 [ 09612 0.951 |0.941 |0.9312]1.081 |0.721 | 0.811
c 0 2 2 2 2 2 1
S [75 [0977 | 0961 | 09512] 0941 | 0931 |0.9212] 0971 | 0.731 | 0.731
& 2 2 2 0 2 0 2
100 | 0.961 | 0.951 |0.9412] 0931 | 0.921 | 0.9010] 0.921 | 0.721 | 0.721
2 2 2 2 2 0 2

Table 5.2.3. Bayes Estimation under Quadratic Loss Function for different values of 8 and a.

N 6=1 6 =2 =3
o wv
o | w
S| & |a=4|a=5|a=6|a=4|a=5|a=6|a=4|a=5|a=6
3]
[92]
25 1.421 | 1.314 1.284 | 1.261 1.274 | 1.254
1.3046 1.2546 1.2462
2 8 6 6 2 2
50 1.401 | 1.284 1.261 | 1.241 1.264 | 1.244
» 1.2747 1.2462 1.2362
> 0 6 2 2 2 2
% 75 1.214 | 1.114 1.094 | 1.009 1.094 | 1.009
= 1.1040 1.0082 1.0008
1 2 2 2 1 2
100 | 0.984 | 0.976 0.954 | 0.941 0.944 | 0.931
0.9662 0.9316 0.9210
6 8 6 2 2 2
25 1.314 | 1.284 1.261 | 1.246 1.260 | 1.249
1.2762 1.2446 1.2348
2 6 2 2 0 2
© 50 1.304 | 1.116 1.254 | 1.224 1.254 | 1.239
= 1.2662 1.2146 1.2228
c 0 8 2 6 9 2
§_ 75 1.184 | 1.104 1.002 | 1.008 1.009 | 1.009
< 1.0042 1.0068 1.0007
[ 2 0 2 5 8 0
100 | 0.976 | 0.966 0.942 | 0.934 0.931 | 0.921
0.9556 0.9262 0.9100
8 8 6 6 2 2

Table. 5.2.4. Bayes Risk under Quadratic Loss Function for different values of 8 and «.

5 |2 e 6=1 =2 6=3
-z |g X
e g Y a=4a=5|a=6a=4a=5|a=6a=4a=5|a=6
0.821| 0.792 | 0.771 | 0.692 | 0.654 | 0.621 | 0.610 | 0.591
25 0.4212
2 1 0 1 2 0 9 1
0.801| 0.781 | 0.761 | 0.682 | 0.621 | 0.611 | 0.590 | 0.571
» 50 0.4102
P 0 2 0 1 2 0 2 2
% 0.701 | 0.701 | 0.691 | 0.672 | 0.610 | 0.592 | 0.580 | 0.561
= 75 0.4012
2 2 2 1 0 2 1 0
0.691 | 0.681| 0.671 | 0.662 | 0.592 | 0.582 | 0.570 | 0.551
100 0.4012
2 0 0 9 0 0 2 5
© 0.731| 0.726 | 0.710 | 0.691 | 0.599 | 0.588 | 0.591 | 0.581
e 25 0.4010
S 2 2 2 2 2 9 2 2
c
g 0.721 | 0.716 | 0.704 | 0.680 | 0.597 | 0.581 | 0.566 | 0.561
< 50 0.3912
w 9 9 2 2 2 2 2 2
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0.611| 0.700 | 0.671 | 0.651 | 0.581 | 0.571 | 0.551 | 0.541
75 0.3812
2 2 2 2 2 9 2 2
0.604 | 0.671 | 0.670 | 0.650 | 0.570 | 0.566 | 0.541 | 0.531
100 0.3712
0 2 9 1 1 2 0 0

Table. 5.2.5. Bayes Estimation under Precautionary Loss Function for different values of 8 anda.

5 %é g 6=1 6 =2 6=3
e |8V a=4|a=5|a=6|a=4|a=5|a=6 a=4|a=5a=6
25 2984 | 1984 | 1974 | 1961 | 1956 | 1.946 | 1.938 | 1.921 | 1.901
2 2 2 8 2 8 1 8 0
“ 50 1.994 | 1974 | 1961 | 1.954 | 1.944 | 1934 | 1.921 | 1911 | 1.891
Py 2 8 2 2 2 3 6 8 8
% 75 1974 | 1964 | 1954 | 1934 | 1931 | 1921 | 1901 | 1.891 | 1.871
2 2 2 6 8 2 8 8 8
1.824 | 1.804 | 1.804 | 1.708 | 1.801 | 1.796 | 1.791 | 1.881 | 1.870
100 2 2 6 0 0 8 8 2 8
25 2.164 | 1.976 | 1.964 | 1.954 | 1946 | 1.931 | 1.921 | 1.901 | 1.891
2 2 6 2 8 7 8 0 2
_:__3 50 1.994 | 1966 | 1954 | 1931 | 1931 | 1921 | 1.911| 1.891 | 1.881
S 6 0 2 2 3 8 0 0 2
g 25 1921 | 1954 | 1944 | 1921 | 1924 | 1911 | 1.891 | 1.881 | 1.876
w 6 2 2 2 8 8 2 2 2
100 1.784 | 1.800 | 1.800 | 1.798 | 1.998 | 1.901 | 1.882 | 1.876 | 1.866
2 2 0 0 0 8 1 2 2

Table. 5.2.6. Bayes Risk under Precautionary Loss Function for different values of 8 and «

é g é =1 6 =2 6 =3
a | S o |la=4|a=5|a=6|a=4|a=5|a=6|a=4|a=5|a=6
25 1.412 | 1.212 | 0981 | 0.961 | 0.921 | 0.901 | 0.891 | 0.791 | 0.761
1 2 2 2 2 2 2 2 0
“ 50 1.210 | 1.091 | 0974 | 0.954 | 0901 | 0.891 | 0.881 | 0.781 | 0.751
Py 2 2 2 2 3 2 2 0 2
% 75 0.981 | 0.971| 0.954 | 0.921| 0.891 | 0.881 | 0.871 | 0.778 | 0.741
2 2 1 2 2 0 0 0 2
100 0.971 | 0.961 | 0.921 | 0.901 | 0.881 | 0.871 | 0.816 | 0.761 | 0.731
2 2 2 0 0 2 1 0 0
25 1.214 | 1.201 | 0971 | 0.960 | 0.901 | 0.891 | 0.871 | 0.731 | 0.751
1 0 2 0 2 0 0 2 0
TS 50 1.122 | 1.009 | 0.964 | 0.951 | 0.891 | 0.881 | 0.860 | 0.721 | 0.741
S 0 0 0 2 2 0 9 2 2
g_ 75 0.974 | 0.961 | 0.954 | 0.941 | 0.881 | 0.871 | 0.851 | 0.701 | 0.731
wi 2 2 0 0 2 2 9 0 0
100 0.961 | 0.951| 0.941 | 0.931| 0.871| 0.861 | 0.844 | 0.691 | 0.721
2 2 2 2 2 2 0 2 2

Table.5.2.7. Bayes Estimation under Entropy Loss Function for different values of 8 and «a.
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5 é g 0 = 0= 0=
o SV la=4|a=5|a=6 | a=4|a=5a=6 a=4|a=5a=6
25 2921 | 2901 | 2.891 | 2.681 | 2.521 | 2.461 | 2.481 | 2.471 | 2.451
2 2 2 2 2 2 2 2 2
“ 50 2901 | 2.896 | 2.791 | 2.581 | 2.481 | 2.321 | 2.471 | 2.461 | 2.122
Py 2 2 2 2 2 2 2 2 6
% 75 2.891 | 2.791 | 2.681 | 2.421 | 2.331 | 2.311 | 2.301 | 2.300 | 2.281
2 2 2 2 2 0 0 0 2
100 1981 | 1971 | 1961 | 1954 | 1944 | 1931 | 1.921 | 1911 | 1.901
2 2 2 2 6 2 2 6 2
25 2.681 | 2.891 | 2.521 | 2.461 | 2.481 | 2.431 | 2.301 | 2.311 | 2.330
2 2 2 2 2 2 2 2 0
ZE 50 2521 | 2.791 | 2.461 | 2521 | 2.461 | 2.301 | 2.201 | 2.121 | 2.101
S 2 2 2 2 2 2 2 2 0
g_ 25 2561 | 2.681 | 2.321 | 2.401 | 2.301 | 2.281 | 2.101 | 2.000 | 1.988
w 2 0 2 2 2 2 0 9 2
100 1961 | 1961 | 1951 | 1944 | 1931 | 1921 | 1.901 | 1.921 | 1.911
2 0 2 2 2 2 2 2 0

Table. 5.2.8. Bayes Risk under Entropy Loss for different values of @ and a.

=1 6=2 6 =3
a=4|a=5|a=6|a=4|a=5|a=6|a=4|a=5| a=6
25 11.9212| 1.9010 1.9000 | 1.9101 | 1.9010| 0.9812 | 0.9712 | 0.9512 | 0.9410
50 | 1.9810| 1.9701| 1.9610 | 1.9000 | 1.8910| 0.9712 | 0.9612 | 0.9412 | 0.9312
75 | 0.9912 | 0.9812| 0.9712 | 0.8910 | 0.9819 | 0.9612 | 0.9512 | 0.9312 | 0.9212
100 | 0.9810| 0.9710| 0.9610 | 0.8801 | 0.8712 | 0.9510 | 0.9401 | 0.9212 | 0.9000
25 | 0.9812 | 0.9610| 0.8912 | 0.8819 | 0.8712 | 0.8610 | 0.8512 | 0.8410| 0.8310
50 | 0.9712| 0.9509 | 0.8812 | 0.8712 | 0.8610 | 0.8510 | 0.8412 | 0.8310| 0.8210
75 | 0.9610| 0.9412 | 0.8712 | 0.8612 | 0.8512 | 0.8412 | 0.8310 | 0.8212 | 0.8110
100 | 0.9510| 0.9312 | 0.8612 | 0.8510 | 0.8412 | 0.8313 | 0.8220 | 0.8110 | 0.8000

Prior
Sample
Size

Jeffrey’s

Exponential

VI. Conclusions

In this study, we obtained the classical estimators such as MLE, UMVUE and MiniMSE and the Bayes risk
of shape parameter of Pareto type —I distribution using non—informative and informative priors under various
loss functions through simulation technique. By comparing the classical estimation, the MiniMSE is the best
one among the all others namely MLE & UMVUE. The Bayes risk of the shape parameter under QLF is the least
one among all other loss functions, which are proposed for this study. It is also observed that when the sample
size is increased, the Bayes risk is decreased. Finally, it is found that the MiniMSE is the best one of the
proposed classical estimators and also found that the performance of bayes risk of the shape parameter of
Pareto type —I model using informative prior under Quadratic loss function is minimum than the other
proposed loss functions.
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